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Definition 1. Let G be a group. The center of G is
Z(G)={2€ G| gz==zgforall g e G}.

Problem 1. Let G be a group. Show that Z(G) < G.

Solution. To show that something is a subgroup, we show (S0), (S1), and (S2).

(S0) Let g € G. By definition, 1- g =g¢-1=g. Thus, 1 € Z(G).

(S1) Let 21,22 € Z(G) and let g € G. Then

g(z122) = (g21)22 by associativity in G
= (219)22 because z; € Z(G)
= z1(g22) by associativity in G
= 21(229) because zo € Z(G)
= (z122)9 by associativity in G.

Thus 2122 € Z(G).

(S2) Let z € Z(G) and let g € G. Since G is a group, 27! exists in G, and 2712 = 227! = 1. Since
z € Z(@G), we have gz = zg. Multiply by z~! on the left to get 2~'gz = g. Multiply by z~! on the
right to get 2~ 1g = g2~ !. Thus 27! € Z(G).

O

Definition 2. Let G and H be groups, and let f : G — H. We say that f is a group homomorphism if

f(g192) = f(91)f(92)-

We say that f is a group isomorphism if f is a bijective homomorphism.
Problem 2. Let f: G — H be a group isomorphism. Show that f~!: H — G is a group isomorphism.

Solution. We know that the inverse of a bijective function is a bijective function; it remains to show that it
is a homomorphism.

Let hy,he € H. Since f is bijective, there exist unique g1, g2 € G such that f(g1) = h1 and f(g2) = ho.
In this case, g1 = f~1(h1) and g2 = f~*(ha). Now

7 (haha) = F7H(f(91)f(92))
="' (f(9192)) because f is a homomorphism

= 9192 because f~! is the inverse of f

= f7 (h1) 7 (ha).



